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An extension to polyelectrolyte solutions of Qnsager’r field-dissociation relation for weak electrolytes can be derived in 
a simple way_ It is found that, except in the limit of zero ionic strength, a strong applied electric field prevents counterion 
condensation from proceeding to completion_ The extent of incompleteness initially varies linearly with the applied field. 
The fieki-tlissociation relation mn easily be incorporated into the theory of ionic effects on the stability of ordered POSY- 
nucltmtide structures, whereupon a dependence of the stability on field strength cmcrges. An explicit calcut;ltion for a co- 
operative transition of the DNA melting type is presented, and it is concluded that for sufficiently low ionic strengths, a 

field of the order of LO kV/cm may be able to induce melting by lowering the Tm by a few degrees. The threshold effect 
found experimentally by PSrschke, and particularly the observed linear dependence of the threshold field cn the logarithm 
of the ionic strength, appears here as a simpteconscquence of the tinear increase of the stabilization free cncrgy with the 
logarithm of ionic strength. 

L. Introduction 

It is known that application of strong electric 
fields can induce conformational changes in biopoly- 
eiectrolytes [l-3]. The simplest exptanation [3J is 
that the tieid ptis some of the associated counterions 
away from the immediate neighborhood of the poly- 
ion, thereby destabilizing its structure, A quantitative 
theory, heretofore unavailable, is required for proper 
assessment of this hypothesis, and, as PBrschke 13) 
has suggested, a proper starting point would be the 
development of a polyelectrolyte analog to Onsager’s 
analysis [4,5) for ordinary weak electrolytes_ How- 
ever, polyelectrolyte behavior is distinctive, and it 
should not be expected that the proper analogy will 
be a more or less obvious generalization of Onsager’s 
result to the case for which the valence of one of the 
ions is very large. me most striking difference in the 
two systems, of course, is that it is association that is 
complete in palyelectroiyte solutions of vanishing 
ionic strength [6-81 rather than dissociation, so that 
a mass-action formulation is excluded. It will turn out 
for the polyetectrolyte case that the influence of both 

*the ionic strength and the polydectrolyte “valence” 
(i.e., charge density) on the field-dissociation relation 
could not have been guessed from the theory of weak 
electrolytes. 

The effect of a strong field on the conformation 
of a biopolyelectrolyte cannot be inferred simply 
from knowledge of the degree of counterion dissocia- 
tion as a function of field-strength. In addition, the 
dependence of the conformationa stability (free en- 
ergy associated with the conformational change) on 
the number of associated counterions is required. 
Thz~s, the problem is of some ph:rsical complexity, 
and the simplicity both of the results and their deriva- 
tion is remarkable. 

2. The field-dissociation relation 

In a recent paper [Sj a formula was derived that 
relates the degree r of counterion association (fraction 
of polyion charge compensated by counterions) with 
a palyion of axial charge spacing 6 to the molar@ c, 
of excess ordinary salt and to the free volume V, < 
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(cm3) available to the associated counterions per 
mole of univalent charged groups fixed to the polyion, 

r= lo-3 7s e-&s y 121 VP cs (1 - e-*s~)-21zlF(1-r) . 

(1) 

Other symbals are the Debye screening parameter K~, 
the counterion activity coefficient 7s. the osmotic co- 
efficient #5 - all referring to an ordinary salt solution 
of molarity cs for which the electrolyte formuIa con- 
tains v counterions of valence z - and the dimension- 
11~s polyelectrolyte charge density parameter .$, equal 
to q2/e k7’&, with 4 the protonic charge, E the solvent 
dielectric constant, k Boltzmann’s constant, and 2” the 
absolute temperature. 

Both r and VP may be regarded as functions of an 
externally applied field X, since the derivation of eq. 
(l), although conceived for the usual zero-field case, 
can be carried through for an arbitrary field strength 
if the distortion of the &bye screening atmosphere 

is neglected. If 40) denotes the value of r for zero 
field, then from [S], 

r(0) = 1 - lzl-~~-’ (2) 

and the degree of dissociation Q till be defined by 

r(X)/r(O) = 1 - LY . (31 

The value of V,(O) is given by eq. (16) of ref. [S] but 
is not needed here; V,(X) has a generalized significance 
which will be discussed in due course. If eq. (1) is 
written both for arbitrary X and X = 0 and the ratio 
taken, the result is 

V,(XJ/V,(O)= (1 - a)(1 - e-Ks6)2a(lzlt-1) 

where eqs. (2) and (3) have also been used. 
For zero field, VP enters the theory [8 ] through an 

assumed form for the chemical potential of associated 
counterions, 

p=g* + RTIn[lz[-l r/V,(O)] , (5) 

where the standard state chemical potential p* is the 

same as for free counterions. If VP (0) is interpreted as 
a volume (per polyelectrolyte equivalent), the argu- 
ment of the logarithm becomes the local concentra- 
tion of associated counterions 181. If, further, V,(O) 

has an assumed cylindrical form axially centered on 
the polyion, then a radial distance a may be defined 

181 by 

yp (0) =no2bL , (6) 
where L is Avogadro’s number. it has been demonstrated 

that VP (0), hence Q, when determined self-consistently 
(Le., by minimization of the total free energy), is 

uniquely determined by the charge spacing b and the 
ionic strength, and numerical values of 0 have been tab- 
ulated IS]. 

*The functional dependence of VP on X is crucial. 
It will be taken as 

5 W) = VP (00) exp(-Z) , 

with 

(7) 

z= (lrl4)(lzlqaX,lkT) . (8) 

The argument proceeds from (and essentially ends at) 
recognition of the work that a counterion of charge 
zq must perform against the field if it is to remain as- 
;3ciateb [Le., within the volume VP(O) of eq. (7)]. 

Since VP (0) is symmetrically positioned about the 
poiyion axis, the average position of an associated ion 
is on the axis. If the axis is orthogonal to the applied 
field, the work is obviously given by the numerator of 
the second factor in eq. (8) if a is defined by eq. (6). 
The factor (n/4) arises from an average Over all orien- 
tations of the axis with respect to the field. The excess 
chemical potential of the associated counterions due 
to the field is, then, L(?r/4)lzlqaX, where L is 
Avogadro’s number_ This term must be added to the 

zero-field chemical potential in eq. (5!, ar. operation 
which is equivalent to the repkement af VP (0) in eq. 
(5) by V,(X) from eq. (7). 

Substitution of eq. (7) into eq. (4) yields the de- 
sired field-dissociation relation for polyelectrolytes, 

3 = - In{1 - ol) - 2a(lz14 - 1) ln(1 - e-Qb) . (9) 

Note that in the limit of zero ionic strength (K@ + 0), 
the field strength measured by Y must become infinite 
to produce any degree of dissociation (Y greater than 
zero, i.e., counterion condensation remains complete 

in this knit for any finite field, no matter how large. 
For most cases of practical interest, the conditions 
Q < 1 and Ksb < I are satisfied, and eq. (9) then re- 
duces to a 1ir;ear relation between (Y and X mediated 
by a Iogarithmic dependence on ionic strength (to 
which K: is proportional), 

00) 
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For an aqueous polyelectrolyte solution at 25bC 
with excess 1 : 1 salt of ionic strength IO-2 M, an 
applied field of 402 kV/cm produces 10% dissociation 
(a = 0.1) if E = 4 (the approximate value for native 

DNA); wfiile if E = 2 (the approximate value for a 
single-stranded polynucleotide), a lower field of 107 
kV/cm produces the same extent of dissociation. At 
the higher ionic strength 10-I M, dissociation re- 
quires less work because the dissociated ions enter a 

more effective screening atmosphere: the fields cor- 
responding to cu = 0.1 are 262 kV/cm for 5 = 4 and 
72 kVjcm for 4 = 2. The values of Q required to arrive 
at these numbers were taken from table 3 in ref. (81; 
(I is in the neighborhood of 15 BL for all cases. Use of 
the approximate eq. (10) leads to a 12% error in the 
worst case above, which is comparable to the estimated 
10% modeling inconsistency for this case discussed in 
Bl- 

Before ending this section, I must caution against 
oversimplified attempts to apply these results to 
strong-field effects on the conductivity of polyelec- 
trolyte solutions- Although I have not yet had the op- 
portunity to think through the problems involved, it 
strikes me as unlikely that the direct applicability of 
Onsager’s formula to the conductivity of ordinary 
weak electrolytes will be paralleled here. 

3. Field-induced melting of DNA 

In the previorrs section it was determined that a 
field of about 70 kV/cm would cause 10% dissocia- 
tion from a single-stranded polynucleotide at an ionic 
strength of 0.1 M. The field-induced conformational 
changes which have thus far been reported occur 
under conditions (lower ionic strength, somewhat 
lower fieid strengths, multi-stranded polynucleotide 
structures in some cases) that would result in still less 
dissociation. Hence, the field-dissociation relation is 
effectively linear, as in eq. (10). The importance of 
this observation is that, on its basis, a quite general 
argument can be given which leads to the relation, 

g(X)-~(o)=Izl-~(1 --Izl-t,$+)x, 01) 

where g’npRT is the free energy of a polyelectrolyte 
solution with polyions of reduced charge density .$, 
counterions of valence z, and pzp moles of polyion 
charged groups (the polynucleotide phosphate groups). 

The argument is simply that when the field is 
turned on, each mole of associated counterions experi- 
ences an increanent in energy equal to RT 2, as ex- 
plained in the preceding section. Also, from eqs. (2) 
and (3), there are (1 - ol)lzl-‘(1 - lzl-1 t-1) moles 
of associated counterions per mole of polyion charged 
groups. Since ff is linear in cr, it foilows that eq. (11) 
describes the effect of the field to first order in Q, and, 
since (Y is small, that first-order accuracy is sufficient. 
‘i-here is also a contribution to the free energy incre- 
ment due to redistribution of associated and free 
counterions, that is, to advancement of the “reaction” 
(associated ion) -+ (free ion); hut because this reaction 
is initially in equilibrium (at a free energy minimum), 
the corresponding free energy of advancement is 
second-order in Q and does not contribute to the first- 
order effect. The explicit and exact calculation given 
in the Appendix confirms eq. (11) as the correct first- 
order expression and shows also that retention of 
second-order terms is equivalent to muhiplying the 
right hand size of eq. (11) by 1 - f cy, so that eq. (1 I ) 
may be used if a loss of accuracy of Iess than 5% can 
be tolerated. 

Consider now two possible conformations I and 2 
of the same potyetectrolyte,such as the ordered and 
denatured forms of DNA. Assume that Et > .$$, and 
let the L1 operation signify “2 minus 1.” Note also 
that from its definition, eq. (8), Xmay differ for 
forms 1 and 3, because the Iength 4 depends on .$ [8]_ 

Then, from eq. I( 1 I), 

AZ(x) - As(O)= l-71-’ A[(1 - lzl-‘t-‘)x] _ (12) 

For the DNA transition in 1 : 1 salt, letting 1 be the 
double helix and 2 the separated coils, the appropriate 
numerical values for .$j [9] and (I [81 yield, at ?5”C, 

AH(x) - Ag(O) = -(O-94 X 10-3) X , (13) 

where X is in kV/cm. The small dependence of a on 
ionic strength has been neglected. Eq. (13) says that, 
although the free energy of both conformations is in- 
creased by application of the field, that of the double 
helix is increased more and, consequently, it is desta- 
bilized- The primary effect is due to the greater charge 
density of the double helix, which enables it to hold 
more associated counterions per phosphate group 
than the random coil; each associated counterion pos- 
sessing the same incremental field energy (except for 
SmaU differences caused by the inequality ofol and n2), 
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the double helix therefore suffers the higher energy 
increase. 

Numerically, the destabilization free energy is 
smail. In a field of 50 kV/cm, of the order of those 
utilized experimentally, eq. (13) indicates that AZ is 

decreased by only about 0.05 units, or about 0.03 
kcal per mole phosphate (Le., per mole base)_ Never- 
theless, a mere 0.5 kcal per mole base resutts in a de- 

crease of Tm by as much as 40 degrees [lo], so eq. 
(13) is consistent with a lowering of the T, by a few 
degrees at typical fields. Available data present diffi- 
culties of interpretation, and I am unable at present 

to make quantitative comr.larisons between theory and 
experiment. 

The qualitative phenomenon of a threshold field 
found by Pijrschke [3] may be an obvious conse- 
quence of eq. (12), since, even though AZ may be de- 

creased by any non-zero field, it is only at the point 
for which the decrease is sufficiently large to lower 
the T, to the ambient temperature that the confor- 
mational change will occur. At increased ionic strengths 
the T, is higher, and a correspondingly larger field is 
required to lower the 7!! to ambient; the threshold 
field therefore increases with ionic strength, in line 
with Ptirschke’s observations_ Tbe quantitative rela- 
tion between the threshold field X,, and ionic strength 
cS (excess 1 : 1 salt) may be found from the known 
dependence of Ag(O) on cs for DNA melting [I 1 ] 
(use of the correct value for g2 [9] leads to the value 
rj = 0.30 in eq. (20) of ref. [I 11, 

AZ(O) =A? + 0.35 log cs . (14) 

Let now eq. (13) be written for X = Xth, with 
Ag(Xth) = 0 and with eq. (14) for Ag(0). The result, 
at 25”C, is 

d&,/d log cs = 372 kV/cm. (1% 

The linear dependence of Xth on log cs agrees with 

PGrschke’s data. The slope indicated in eq. (15) is 
much higher than that found by Piirs-zMce, whose ex- 
periments, however, were not on induceci melting of 
DNA but on the noncooperative conformatit.?al 
shifts of poly C and poly A. Eq. (! 5) predicts -:hat if 
melting of DNA is induced at c, = low4 ~vi, &y, by a 

field of 20 kV/cm, then the fields needed for melting 
at 10-S M should approach ti:” highest obtainable in 
practice (several hundred kV/cm). Tbis estimate is 
consistent with the known increase of T, by about 

20” per decade ionic strength increase and the lower- 
ing of T, by only a degree or two for X of order 
10 kV/cm. 

I am grateful to Dietmar P&-schke for calling my 
a&tention to this problem. 

Appendix 

This section contains an exact result which confirms 
the accuracy of eq. (11). The quantity g(O) may be 

obtained in explicit form by summing its component 
contributions, all of which are listed in [8];g(X) is 
then the direct result of replacing r(0) and V,(O) in 

g(O) by r(X) and V,(X) from eqs. (3) and (7). The 
result for g(X) has the form 

(161 
g(X)=~(O)+lzl-’ r(O)X(l -a)++Y+A@+A&Y), 

where A, and A, are independent of both f and Q 
and A, (a) = O(cu3). Use of eq. (2) with f = r(O) and 
vp = V,(O) directly yields the result A, = 0. Eq. (9) 
shows that 

[I 2 I/~@)1 -42 ,2=~,;3+$x[cu+1n(1 -a)] * (17) 

Substitution of eq. (17) into eq. (16), together with 
the explicit form of A3(+ gives 

H(x)-g(o)= ItI- t(0) [F(r-;a)+A(cr)] , (18) 

where A(a) = O(a3), or, explicitly. 
(1% 

A(ol)=~a2+(1-_f)[~+ln(l--)] =-&-:3f... 

With use of eq. (2), eqs. (11) and (18) may now be 
compared for values of a, which are, in practice, small. 
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